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SUMMARY

This paper presents an investigation on the spring analogy. The spring analogy serves for deformation in
a moving boundary problem. First, two different kinds of springs are discussed: the vertex springs and
the segment springs. The vertex spring analogy is originally used for smoothing a mesh after mesh
generation or refinement. The segment spring analogy is used for deformation of the mesh in a moving
boundary problem. The difference between the two methods lies in the equilibrium length of the springs.
By means of an analogy to molecular theory, the two theories are generalized into a single theory that
covers both. The usual choice of the stiffness of the spring is clarified by the mathematical analysis of a
representative one-dimensional configuration. The analysis shows that node collision is prevented when
the stiffness is chosen as the inverse of the segment length. The observed similarity between elliptic grid
generation and the spring analogy is also investigated. This investigation shows that both methods update
the grid point position by a weighted average of the surrounding points in an iterative manner. The
weighting functions enforce regularity of the mesh. Based on these considerations, several improvements
on the spring analogy are developed. The principle of Saint Venant is circumvented by a boundary
correction. The prevention of inversion of triangular elements is improved by semi-torsional springs. The
numerical results show the superiority of the segment spring analogy over the vertex one for a small
rotation of an NACA0012 mesh. The boundary correction allows for large deformation of the mesh,
where the standard spring analogy fails. The final test is performed on a Navier–Stokes mesh. This mesh
contains high aspect ratio mesh cells near the boundary. Large deformation of this mesh shows that the
semi-torsional spring improvement is imperative to retain the validity of this mesh. Copyright © 2000
John Wiley & Sons, Ltd.
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1. INTRODUCTION

In modern computational fluid dynamics the moving boundary problem plays an important
role. It arises, for example, in free surface flows, store separation problems, forced vibration
problems and fluid–structure interaction. A crucial part of the computation is the deformation
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of the mesh during the time integration of the fluid. A common technique to deform a
mesh is the spring analogy. The first objective of this paper is to present an original
analysis of the spring analogy in order to enhance the insight into the methods. The second
objective is to improve the spring analogy based on the analysis.

The spring analogy consists of replacing the mesh by fictitious springs. For unstructured
triangular grids, the spring analogy is introduced by Batina [1], who used the method for a
forced vibration problem of an airfoil. Many researchers have adopted the spring analogy
to solve moving boundary problems. To give a few examples, the spring analogy is used for
free surface problems by Slikkeveer et al. [2], store separation problems by Hassan et al.
[3], forced vibration and fluid–structure interaction problems by Blom and Leyland [4], and
aeroelastic calculations by Farhat et al. [5] and Piperno [6]. The spring analogy is also
suitable for structured meshes as is, for example, shown by Nakahashi and Deiwert [7],
who used it for mesh adaptation.

Another possibility of coping with the moving boundary problem is to regenerate the
mesh several times in the course of the simulation. This method is applied by Grüber and
Carstens [8] on a cascade in forced vibration. They used structured meshes generated by
elliptic grid generation. Their mesh is interpolated in time between the meshes at maximum
amplitude. Schulze [9] applies the same technique on an aeroelastic motion of an airfoil.
The interpolation technique is impossible in aeroelasticity since the motion of the structure
is a part of the problem. Therefore, the mesh has to be regenerated after every time step.
This seems rather cumbersome from the computational point of view. However, it will be
shown in this paper that the computational techniques for elliptic grid generation and the
spring analogy are in fact very similar.

The spring analogy is applied independently from the moving boundary problem on
unstructured mesh smoothing. There, the spring analogy is used to move the nodes inside
an unstructured triangular mesh to obtain equilateral elements. Richter and Leyland [10]
applied the spring analogy after adaptation cycles to restore the smoothness in the mesh.
Weatherhill et al. [11] applied the method to smooth the mesh after unstructured grid
generation.

The spring analogy that is used for moving boundary problems is different from the
analogy used for mesh smoothing. Both methods and their differences are presented in
Section 2. These methods are then analysed in Section 3. Based on these analyses, some
improvements are developed in Section 4. The numerical results obtained by the methods
are shown in Section 5. Finally, the conclusions are presented in Section 6.

2. NUMERICAL METHODS

In this section two different spring analogies are presented. The terms vertex and segment
springs are introduced here in order to distinguish between the different methods. The
vertex spring analogy is discussed in Section 2.1, with the segment spring analogy reviewed
in Section 2.2.
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2.1. Vertex springs

When the segments are considered as springs, they have to possess an equilibrium length. For
the vertex method, this equilibrium length is zero. The springs are taken as linear and therefore
Hook’s law determines the force at every node i exerted by the nodes j, which are connected
to node i,

Fb i= %
6i

j=1

aij(x� j−x� i) (1)

where aij is the stiffness of the spring between node i and j and 6i is the number of neighbours
of node i. For the system to be in equilibrium, the force at every node i has to be zero. After
regrouping, the iterative equation to be solved yields

x� i
k+1=

%
6i

j=1

aijx� j
k

%
6i

j=1

aij

(2)

This equation is solved for every internal node i in the mesh. Equation (2) converges to static
equilibrium of the spring system. Equilibrium is not imperative for the mesh deformation since
the spring model is only used as a tool to retain mesh regularity. Therefore, the number of
iterations can remain reasonably small.

The boundary conditions are of the Dirichlet type. The positions of the boundary nodes are
fixed during the calculation. The iterations are only performed on the internal nodes x� i. When
a boundary is moved or deformed, the position of the boundary nodes are strongly imposed
by the Dirichlet boundary conditions.

The physical interpretation of Equation (2) is depicted in Figure 1. The elastic problem is
solved for every node at each iteration. This means that, at every iteration, the new nodal
position x� i is calculated as a weighted average of the surrounding nodes. The weighting factor
is given by the spring stiffness aij. Mathematically, this implies performing Jacobi iterations on
a linear system [A ]{x}={b}. In this case, the matrix [A ] is formed by the spring stiffness aij.
The vector {x} contains the mesh positions. The vector {b} contains the non-homogeneous
terms, which are implicitly formed by the Dirichlet boundary conditions. By solving the partial

Figure 1. Physical interpretation of the iterative method in the spring analogy.
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problems in (2), one avoids factorization of the large banded matrix [A ]. Since the equilibrium
position of the springs is zero, every spring is under tension. Therefore, the mesh can be
deformed by this spring analogy even when the boundaries are stationary.

The stiffness in the vertex spring analogy is taken constant. Since the numerical value of this
constant has no influence, it is chosen as unity

aij=1, Öi, j (3)

The position of the mesh points is calculated using Equations (2) and (3) as the metric mean
of the surrounding nodes.

2.2. Segment springs

The segment spring analogy is proposed by Batina [1] in order to deform a mesh around a
pitching airfoil. In this method, the equilibrium lengths of the springs are equal to the initial
lengths of the segments. Hook’s Law is applied to the displacement of the nodes. The force is
written as

Fb i= %
6i

j=1

aij(db j−db i) (4)

where db i is the displacement of node i. At static equilibrium of the system, the force at every
node i has to be zero. The iterative equation to be solved reads

db i
k+1=

%
6i

j=1

aijdb j
k

%
6i

j=1

aij

(5)

Here, the Dirichlet boundary conditions are given by the known displacement of the
boundaries. As proposed by Batina [1], the spring stiffness is taken as proportional to the
inverse of the segment length

aij=
1


(xi−xj)2+ (yi−yj)2
(6)

This choice for the stiffness is analysed in Section 3.2. After the iteration of (5), the nodes are
displaced by adding the final displacement

x� i
new=x� i

old+db i
k,final (7)

The memory requirements for the segment method are higher than these for the vertex method,
as the displacement db has to be kept in memory.
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3. ANALYSIS OF THE METHODS

The methods presented in the previous section are analysed here. First, a general theory that
covers the segment and the vertex methods is presented in Section 3.1. Then, the stiffness in the
segment method is analysed in Section 3.2. Finally, the analogy with elliptic grid generation is
shown is Section 3.3.

3.1. Generalization of the methods

The only difference between vertex and segment springs is their equilibrium length. In this
section, the formulation of the spring analogy is generalized to a theory that covers both
methods. In order to show this, an analogy to the theory of molecular dynamics is used. This
theory is very similar to that of unstructured grid generation/deformation when the molecules
are regarded upon as mesh points, as pointed out by Borhani [private communication, 1998].
A good introduction to the theory of molecular dynamics is given in the textbook by Fosdick
et al. [12].

In molecular dynamics, the force field among the molecules is assumed to be conservative.
Therefore, there exists a potential function around every molecule. The force exerted by the
molecules is calculated by the gradient of the total potential function. Since the problem is
linear, the total potential is calculated as the sum of all partial potential functions. When the
kinetic energy of the molecules is low, the dynamics can be represented by Hook’s Law [12,13].
The radial potential energy function is then proportional to the square of the displacement
from the equilibrium position. The force exerted on molecule i by the other molecules is then
given by

Fb i= %
N

j=1

aij(x� j−x� i−db ij) (8)

where db ij is the equilibrium vector between node i and j. N denotes the total number of
molecules modelled. This equation is very similar to (1). To show the analogy, the molecules
are replaced by mesh points and the connectivity of the mesh is also taken into account. The
influence of the molecules is localized by replacing the number of molecules N by the number
of neighbours 6i. The force is then calculated by

Fb i= %
6i

j=1

aij(x� j−x� i−db ij) (9)

This force is almost the same as in (1). It is directly seen that the vertex spring analogy has zero
equilibrium length since db ij is zero in (1).

To show the equivalence of (9) and the segment spring force (4), the equilibrium vector db ij
is written as

db ij=x� j
old−x� i

old (10)
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where x� j
old is the initial position of node xj. Then (9) is rewritten as

Fb i= %
6i

j=1

aij((x� j
new−x� j

old)− (x� i
new−x� i

old)) (11)

With Equation (7), this force is the same as in (4).
The force given by (9) is a generalization of the vertex and segment methods. The

equilibrium vector db ij is an arbitrary constant in this model.

3.2. Analysis of the stiffness in the segment method

In this section the stiffness of the springs (6) in the segment spring analogy is analysed. The
choice made in (6), which is proposed by Batina [1], is used by many researchers. The same
researchers who adopted the spring analogy of Batina, e.g. References [4–6], also used this
stiffness. The stiffness in Equation (6) is logical since mesh points that are closer to each other
exhibit a stronger force. Since node collision is more probable in dense regions, Equation (6)
diminishes the probability of node collision.

To analyse the stiffness, a representative system of linear springs on a line is considered. This
configuration is depicted in Figure 2. When the system consists of n springs, the force
equilibrium of the nodes gives

Æ
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(12)

The derivation is performed on a system with general ki and Dxi. The spring stiffness ki for
which the system conserves the order of the nodes is searched for. From Equation (12), the
equilibrium of the node i is found,

Figure 2. Configuration of linear springs.
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−kiui−1+ (ki+ki+1)ui=ki+1ui+1 (13)

The displacement of node i+1 is given by the next theorem.

Theorem 1
Öi�N, i]1, ui+1 is given by

ui+1=Ã
Ã

Ã

Á

Ä

%
i+1

j=1

1
kj

%
i

j=1

1
kj

Ã
Ã

Ã

Â

Å

ui (14)

Proof
The proof is given by induction. For i=1, the relation is found on the first line of the system
(12), which states

(k1+k2)u1=k2u2[Ã
Ã

Ã

Á

Ä

1
k1

+
1
k2

1
k1

Ã
Ã

Ã

Â

Å

u1=u2 (15)

Next, Equation (13) is used to solve ui+2,

−ki+1ui+ (ki+1+ki+2)ui+1=ki+2ui+2 (16)

This is divided by ki+2 and Equation (14) is used to express ui,

Ã
Ã

Ã

Á

Ä

−
ki+1

ki+2

Ã
Ã

Ã

Á

Ä

%
i

j=1

1
kj

%
i+1

j=1

1
kj

Ã
Ã

Ã

Â

Å

+
ki+1

ki+2

+1Ã
Ã

Ã

Â

Å

ui+1=ui+2 (17)

which gives, after some algebra,

Ã
Ã

Ã

Á

Ä

%
i+2

j=1

1
kj

%
i+1

j=1

1
kj

Ã
Ã

Ã

Â

Å

ui+1=ui+2 (18)

This concludes the proof of Theorem 1. 

The displacement of node xn is given by un=p. Then the new co-ordinates of xn and xn−1

are calculated by
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xn
new=xn

old+p,

xn−1
new =xn−1

old +p
%

n−1

i=1

1
ki

%
n

i=1

1
ki

(19)

Subtraction of these two terms gives Dxn
new,

Dxn
new=Dxn

old+pÃ
Ã

Ã

Á

Ä

1−
%

n−1

i=1

1
ki

%
n

i=1

1
ki

Ã
Ã

Ã

Â

Å

(20)

The displacement p is now expressed by

p=a %
n

i=1

Dxi (21)

Then, Equation (20) gives

Dxn
new=Dxn

old+a %
n

i=1

DxiÃ
Ã

Ã

Á

Ä

1
kn

%
n

i=1

1
ki

Ã
Ã

Ã

Â

Å

(22)

The spring stiffness is now chosen as

ki=
1

Dxi

(23)

Then Dxn
new is given by

Dxn
new=Dxn

old(1+a) (24)

So, Dxn
new\0 if a\−1. This derivation proves that the usual choice of the stiffness made in

(23) prevents the nodes from colliding when they are placed on a line and move along this line.
Equation (23) is equivalent to Equation (6) since the stiffness is the inverse of the segment
length.

3.3. Analogy with elliptic grid generation

The vertex spring analogy exhibits a similar behaviour to elliptic grid generation for structured
grids. The triangular mesh contracts near convex boundaries and expands near concave
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boundaries. This behaviour is also observed and analysed in elliptic grid generation by
Carstens [14].

In order to show this behaviour here, an unstructured and a structured mesh around the
NACA0012 airfoil are subjected to the vertex spring analogy and elliptic grid generation
respectively. The original unstructured mesh is shown in Figure 3. The mesh consists of 1352
nodes and 2628 elements. This mesh is used as the initial mesh for the vertex spring analogy.
The result after 3000 iterations is shown in Figure 4. The original structured mesh is depicted
in Figure 5. The mesh contains 40 nodes in a circumferential direction and 30 nodes in a radial
direction. This mesh is used as an initial solution for the elliptic grid generation. The mesh
after 3000 iterations is shown in Figure 6. The contraction of the mesh near the convex
boundary is clearly seen for the unstructured as well as for the structured mesh. This
observation of similarity demands further investigation to get insight into these phenomena.

In order to investigate the observed relationship, elliptic grid generation is reviewed here. In
elliptic grid generation, the physical co-ordinates (x, y) are mapped onto the computational
co-ordinates (j, h). This mapping is shown in Figures 7 and 8 for a 19×19 O-grid around a
circle.

Figure 3. Original unstructured mesh.

Figure 4. Deformed mesh by vertex springs.
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Figure 5. Original structured mesh.

In order to obtain a smooth physical mesh, the mapping is subjected to the following elliptic
partial differential equation:

jxx+jyy=P(j, h),

hxx+hyy=Q(j, h) (25)

From the computational viewpoint, the inverse problem is more interesting. The inverse
problem is derived by transforming partial derivatives to (x, y) into partial derivatives to (j, h)
by means of the chain rule. This gives

axjj−2bxjh+gxhh= −J2(xjP(j, h)+xhQ(j, h)),

ayjj−2byjh+gyhh= −J2(yjP(j, h)+yhQ(j, h)) (26)

where

Figure 6. Elliptic grid generated mesh.
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Figure 7. (x, y) mesh.

a=xh
2 +yh

2, b=xjxh+yjyh, g=xj
2 +yj

2, J=xjyh−xhyj (27)

The functions P and Q are control functions that determine the angle of the grid lines and their
spacing respectively. The Q function controls the spacing of h=constant lines near a
boundary. When Q\0, the h=constant lines are repulsed from a boundary, and when QB0,
h=constant lines are attracted to the boundary. The P function controls the inclination of the
j=constant lines to the boundary. When P\0, the j=constant lines are rotated to the right,
and when PB0, the j=constant lines are rotated to the left. This is shown mathematically by
Carstens [14].

Figure 8. (j, h) mesh.
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Equation (26) requires boundary conditions. The boundary conditions are of the Dirichlet
type since the external and body boundaries are given data, like in the spring analogy. At the
left- and right-hand side of the computational co-ordinates, periodicity boundary conditions
are given to obtain an O-grid (see Figure 7). The Dirichlet boundary conditions are given by

x(j, hmin)=x1(j)

y(j, hmin)=y1(j)

x(j, hmax)=x2(j)

y(j, hmax)=y2(j)

Â
Ã
Ã
Ì
Ã
Ã
Å

jmin5j5jmax (28)

The periodic boundary conditions are given by

x(jmax, h)=x(jmin, h), y(jmax, h)=y(jmin, h) (29)

Next, the equations need to be solved numerically. This is done by a finite difference
technique. The grid system in computational space (j, h) is formed by a set of equidistant grid
points. The number of points in the j-direction is M and the number of points in the
h-direction is N. These points are separated by unity distance. Then the system of grid points
is given by

ji= i, i=1, M ; hj= j, j=1, N

Dj=Dh=1 (30)

Then the partial derivatives of the physical co-ordinates to the computational co-ordinates are
calculated as central differences

xj=
1
2

(xi+1, j−xi−1, j)

xh=
1
2

(xi, j+1−xi, j−1)

xjj=xi+1, j−2xi, j+xi−1, j

xhh=xi, j+1−2xi, j+xi, j−1

xjh=
1
4

(xi+1, j+1−xi+1, j−1−xi−1, j+1+xi−1, j−1) (31)

These expressions are then substituted in Equation (26), which gives
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2a(xi+1, j−2xi, j+xi−1, j)−b(xi+1, j+1−xi+1, j−1−xi−1, j+1+xi−1, j−1)

+2g(xi, j+1−2xi, j+xi, j−1)= −J2[(xi+1, j−xi−1, j)Pi, j+ (xi, j+1−xi, j−1)Qi, j ] (32)

where

a=
1
4

[(xi, j+1−xi, j−1)2+ (yi, j+1−yi, j−1)2]

b=
1
4

(xi+1, j−xi−1, j)(xi, j+1−xi, j−1)+
1
4

(yi+1, j−yi−1, j)(yi, j+1−yi, j−1)

g=
1
4

[(xi+1, j−xi−1, j)2+ (yi+1, j−yi−1, j)2]

J=
1
4

(xi+1, j−xi−1, j)(yi, j+1−yi, j−1)−
1
4

(xi, j+1−xi, j−1)(yi+1, j−yi−1, j) (33)

For Equations (31) and (32), analogous expressions are found in the y co-ordinate.
The discrete equations are now solved by means of the Jacobi iterative method. An algebraic

mesh is usually chosen as an initial solution to the problem. Then, the next x iterate is found
by the following update:

x̄ i, j
k+1=

ak(xi+1, j
k +xi−1, j

k )+gk(xi, j+1
k +xi, j−1

k )
2(ak+gk)

−bk(xi+1, j+1
k −xi+1, j−1

k −xi−1, j+1
k +xi−1, j−1

k )

+ (Jk)2[(xi+1, j
k −xi−1, j

k )Pi, j+ (xi, j+1
k −xi, j−1

k )Qi, j ] (34)

followed by

xi, j
k+1=vx̄ i, j

k+1+ (1−v)xi, j
k (35)

where v is a relaxation parameter. Since the equation is non-linear (the factors a, b, g and J
are a function of x), the relaxation parameter has to be chosen as 0Bv51.

From Equation (34) it is seen that the next iterate xi, j
k+1 is a function of xi−1, j−1

k , xi−1, j+1
k ,

xi+1, j−1
k and xi+1, j+1

k . These values are all neighbours of xi, j, so Equation (34) can be
rewritten as follows:

x̄ i, j
k+1=

%
6i

p=1

aipxp
k

%
6i

p=1

aip

+ %
Yi

p=1

bipxp
k (36)
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In this equation, the ak and gk terms are accounted for by the first summation over 6I, which
is the number of direct neighbours of xi, j (upper, lower, left- and right-hand). The bk and (Jk)2

terms are placed in the second sum over Yi, which is the extended number of neighbours. This
number also contains the diagonal neighbours. Equation (36) is very similar to Equation (2)
for the vertex spring analogy. In elliptic grid generation the next iterate is also found by means
of a weighted mean of the surrounding nodes.

The physical meaning of the a, b, g and J weighting functions is as follows: a stands for the
length in j-direction square; g stands for the length in i-direction square (see Figure 9); b

stands for a measure of the deviation of orthogonality of the lines xi, j+1−xi, j−1 and
xi+1, j−xi−1, j (see Figure 10). b is equal to zero when the j=constant and h=constant lines
are orthogonal. Finally, J stands for the Jacobian, which is the area of the element in the
physical co-ordinates. The influence of the control functions P and Q has already been
mentioned. Their influence is weighted by the Jacobian squared.

Next, only one iteration is considered and no relaxation is applied (v=1). The mesh is
forced to be as equilateral as possible by the following corrections: the new position of xi, j is
a mean of the node above and below, weighted by the squared horizontal distance between the
node on the left and right; the position is also weighted by the mean of the node on the left
and right weighted by the squared vertical distance between the node above and below; then
the orthogonality of the mesh is enforced by the b term, which adds a weighted mean of the
diagonal neighbours. The weighting functions force the mesh to be very regular. This results

Figure 9. Definition of a and g.

Figure 10. b=xjxh+yjyh.

Copyright © 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2000; 32: 647–668
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in very smooth orthogonal meshes, as is shown for the NACA0012 airfoil in Figure 6 and for
a circle in Figure 7.

This analysis shows the capability of the weighting functions. They determine the regularity
of the mesh. As the spring analogy also contains weighting functions, these allow for
improvements of the method. The similarity is originally observed for the vertex spring
method. However, the analysis in Section 3.1 shows that the vertex and segment method
belong to the same covering theory. Therefore, the analogy holds for the complete spring
analogy. The difference between elliptic grid generation and the spring analogy is the structure
of the data, which is less regular for unstructured meshes. In the next section, the weighting
functions of the spring analogy are used for improvements.

As mentioned in Section 1, regeneration of the mesh is also possible for a moving boundary
problem. In aeroelastic and free surface problems, where the moving boundary is part of the
solution, it seems rather cumbersome to regenerate a mesh after every time step. However,
Equation (36) shows that elliptic mesh generation is nothing other than a manipulation of the
existing mesh. When this mesh already satisfies the elliptic equation, the number of iterations
in (36) can be rather small since the initial solution is close to the converged solution.
Therefore, ‘elliptic mesh manipulation’ seems to be a more appropriate term than ‘elliptic mesh
generation’, since one has to start with an existing mesh to obtain the final one.

4. IMPROVEMENTS OF THE METHODS

An analysis on a one-dimensional spring system in Section 3.2 provided a suitable choice of the
spring stiffness in order to avoid node collisions. This analysis only considered springs along
a line. In this section some improvements of the algorithm on two-dimensional triangular
unstructured meshes are proposed. In Section 4.1, a boundary improvement is developed. A
semi-torsional improvement is discussed in Section 4.2.

4.1. Boundary impro6ement

The regularity of the mesh after transformation is determined by the weighting functions, as
observed in elliptic grid generation. Therefore, the spring stiffness is allowed to change by the
introduction of two parameters in the definition of the stiffness,

aij=f((xi−xj)2+ (yi−yj)2)c (37)

In this way, the parameters f and c allow for modification of the spring stiffness. In the
original concept of Batina [1], the parameter values are f=1 and c= −0.5.

The spring analogy is shown to be very similar to elliptic grid generation in the previous
section. The resulting equation from the spring analogy is also elliptic, as was shown by
Palmerio [15]. Consequently, the principle of Saint Venant for elliptic equations holds for the
deformation of the mesh by the spring analogy. This principle states that local perturbations
of the solution only have local impact. The purpose of the spring analogy is to regularize a
mesh after boundary deformation. When the mesh is regularized by the spring analogy, this
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Figure 11. Snap-through of cell.

regularization only takes place close to the deformed boundary. Therefore, the spring analogy
can only handle relatively small deformations since the mesh regularizes only locally. In order
to circumvent the principle of Saint Venant, the stiffness near the boundary is increased so that
the deformation is spread out further into the mesh. To achieve this local stiffening of the
system, the factor f in Equation (37) is increased for a number of element layers adjacent to
the boundary.

4.2. Semi-torsional impro6ement

A significant problem in deforming unstructured triangular grids is cell inversion. The
one-dimensional consideration presented in Section 3.2 only showed the prevention of one-
dimensional cell inversion. Triangular grids possess the additional difficulty of cell inversions
where the summit of the triangle passes through the opposite face (see Figure 11). This
movement will be referred to as ‘snap-through’. This snap-through requires relatively little
energy since the springs on segments a and b rotate. As rotational motion does not store any
energy in the springs, the snap-through of a mesh cell occurs relatively easy.

In order to prevent snap-through of mesh cells, Farhat et al. [16] proposed torsional springs
that are placed in the corner between adjacent edges. These springs are superposed on lineal
springs. These lineal springs are the same as those treated in this paper. The improved method
performs very good, even when the motion is large and the mesh is fine.

It is well recognized that the angles play an important role in deforming the mesh.
Therefore, the spring analogy is altered by incorporating the angle information in the spring
stiffness here. In order to achieve a semi-torsional spring by a lineal spring system, the spring
stiffness of a segment is divided by the angle of the edge facing the segment. Following Figure
11, this means that the stiffness of segment c is divided by the angle made between segments
a and b. As the sum of all angles in a triangle is p, the stiffness will hardly change if the
triangle is equilateral (since then a=b=g=p/3:1). The practical implementation of this
semi-torsional spring system is obtained by dividing the multiplication factor f in Equation
(37) by the angle facing the segment. In this way a small angle inside an element faces a spring
with a high stiffness. Consequently, the force required for snap-through is increased.

The iterative equation to be solved (5) remains linear. The only extra effort for this
improvement lies in the calculation of the stiffness aij (37). In order to improve the perfor-
mance of the semi-torsional spring method, the spring stiffness can be recalculated at
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intermediate iteration levels. In this way, the mesh cells that are squeezed during the
deformation are even more protected from snap-through. One has to be careful in applying
this strategy since a non-linear system of equations is solved (aij becomes a function of the
displacement). The non-linear system possesses different stability properties that can lead to
divergence of the iterative solution.

5. NUMERICAL RESULTS

The numerical example used here is an unstructured mesh around the NACA0012 airfoil. This
standard airfoil geometry has a reasonable sharp trailing edge, which is very suitable for
showing the performance of the methods. The vertex and segment spring analogies are used to
deform the mesh.

The mesh which is used for these simulations contains 3693 nodes and 7266 triangular
elements. First, the airfoil is rotated 5° around the quarter chord. The mesh is then deformed
by the vertex spring analogy. Three thousand iterations are sufficient for convergence of the
method. The result is shown in Figure 12. It is seen that the final mesh is very regular and no
cell inversion occurs. The deformation of the mesh is also performed by the segment spring
analogy. Here also, 3000 iterations are performed. The mesh after applying the segment spring
analogy is shown in Figure 13. This method also performs very efficiently for this case.

The drawback of the vertex method is the contraction of the mesh near a convex boundary.
This property causes the mesh to be very fine near the leading edge of the airfoil (see Figure
14). The mesh that is deformed by the segment spring analogy does not possess this property
and the size of the mesh cells near the leading edge remains about the same (Figure 15).
Therefore, the segment spring analogy is more suitable for regularization of the mesh after
boundary deformation. Hence, the segment method will be used from here on.

As the deformation of the mesh increases it becomes more difficult to restore the regularity
of the mesh. In order to show the boundary improvement on the segment spring analogy, the
NACA0012 airfoil is rotated 45° around the quarter chord. First, the mesh is restored with the
standard spring analogy. In this case, the stiffness of the springs is calculated by Equation (6).

Figure 12. 5° Rotation of NACA0012, vertex spring method.
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Figure 13. 5° Rotation of NACA0012, segment spring method.

Figure 14. 5° Rotation of NACA0012, vertex spring method, zoom at leading edge.

The number of iterations on system (5) required for convergence is 3000. The resulting mesh
is depicted in Figure 16. Only the trailing edge is shown since there the largest deformations
take place. It is seen that the standard segment spring analogy is inadequate for such large
deformations. Then the mesh is restored by the segment spring method with boundary

Figure 15. 5° Rotation of NACA0012, segment spring method, zoom at leading edge.
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Figure 16. 45° Rotation of NACA0012, standard segment spring method.

improvement. In the interior of the mesh, the parameters f and c are chosen so as f=1 and
c= −1. The springs are stiffened at one layer adjacent to the boundary. This has been shown
to be sufficient. In this layer the parameters f and c are chosen so as f=5 and c= −1. The
number of iterations taken is again 3000. The result of this simulation is shown in Figure 17.
This figure shows that the boundary improvement is imperative in this case in order to restore
the regularity of the mesh. Finally, the semi-torsional improvement is also applied to this
problem. The values of the parameters are the same as in the previous calculation. The
iterative equation (5) is applied 3000 times. After every 1000 iterations, the stiffness aij (37) is
recalculated. The mesh after application of this method is shown in Figure 18. The semi-
torsional improvement exhibits the best performance since the squeezing of mesh cells is
significantly reduced compared with the previous methods.

The final test is performed on a Navier–Stokes mesh around the NACA0012 airfoil. A
Navier–Stokes mesh contains high aspect ratio mesh cells near the airfoil in order to capture
the boundary layer. Therefore, this is an ultimate test case for the improvements on the spring
analogy since most problems occur close to the boundary and on stretched meshes. The mesh
contains 4278 nodes and 8350 elements. The segment spring method with boundary improve-
ment is compared with the semi-torsional improved segment spring method on this case. The
airfoil is rotated 25.7° (p/7 rad) around the quarter chord. The parameters and number of

Figure 17. 45° Rotation of NACA0012, boundary-improved segment spring method.
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Figure 18. 45° Rotation of NACA0012, semi-torsional segment spring method.

Figure 19. p/7 rad rotation of NACA0012, boundary-improved segment spring method.

Figure 20. p/7 rad rotation of NACA0012, semi-torsional segment spring method.

iterations are taken the same as in the previous case. The result for the boundary-improved
method is shown in Figure 19. As the deformation is the largest at the trailing edge, only a
zoom at this region is shown. It is seen that even with this improved method, cell inversion can
not be avoided. The mesh after application of the semi-torsional segment method is depicted
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in Figure 20. This figure shows that in this case, the semi-torsional improvement is imperative
in order to retain the validity of the mesh.

6. CONCLUSIONS

A thorough analysis of the spring analogy is presented here. The purpose of the spring analogy
is to restore the regularity of the mesh after boundary deformation. The segments inside a
mesh are replaced by fictitious springs to move the nodes. Two different spring analogies are
distinguished. The first method (vertex) considers the equilibrium length of the spring to be
zero. In the second method (segment), the equilibrium lengths of the springs are equal to their
initial lengths. These two theories are generalized into a single theory that covers the vertex
and the segment methods. This theory contains the equilibrium length as an additional input.
The usual choice of the spring stiffness is shown to prevent node collision in a one-dimensional
representative problem. Then, the observed similarity between the spring analogy and elliptic
grid generation is investigated. It is shown that the elliptic grid generation technique possesses
very similar features to the spring analogy. Based on the considerations two improvements on
the spring analogy are developed. The principle of Saint Venant for elliptic equations is
circumvented by a boundary correction. This boundary correction alters the spring stiffness
near the moving boundary in order to spread out the deformation into the mesh. Then a
semi-torsional spring is developed, which restrains the so-called snap-through movement. The
methods are then applied to the rotation of an NACA0012 airfoil. Both methods perform well
on a small rotation of the airfoil. The segment spring analogy is superior to the vertex one
since it does not contract the mesh near convex boundaries. When the airfoil is rotated more
substantially, the standard segment method fails whereas the boundary-corrected method still
performs well. A large rotation of a Navier–Stokes mesh shows that the semi-torsional method
is imperative to retain validity of the mesh. It is concluded that the analysis gives a good
insight into the properties of the spring analogy, which is applied in many research studies
involving moving boundaries. The improvements that are developed allow for large motion of
fine meshes. These improvements are obtained by only small modifications of the algorithm.
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